jordans lemma

jordans lemma is a fundamental result in complex analysis and harmonic
analysis, playing a crucial role in evaluating certain types of improper
integrals using contour integration. This lemma provides a powerful tool for
handling integrals involving oscillatory functions, particularly those with
exponential terms. Understanding Jordans lemma is essential for
mathematicians and engineers dealing with Fourier transforms, Laplace
transforms, and analytic continuation. The lemma helps justify the vanishing
of integrals over large semicircular contours in the complex plane, which in
turn simplifies the application of the residue theorem. This article explores
the statement of Jordans lemma, its proof, practical applications, and
connections to other key concepts in analysis. The following sections will
provide a comprehensive insight into the lemma’s significance and utility in
advanced mathematics.
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Statement and Explanation of Jordans Lemma

Jordans lemma is primarily concerned with bounding contour integrals of
functions multiplied by exponential terms of the form e, where z is a
complex variable and t is a positive real parameter. It states conditions
under which the integral of such functions over a large semicircular arc in
the complex plane tends to zero as the radius of the arc approaches infinity.
This result is crucial for justifying the deformation of contours in the

application of the residue theorem in complex analysis.

Formal Statement

Let f(z) be a complex-valued function that is continuous on a semicircle of
radius R in the upper half-plane and satisfies the inequality |f(z)]| = M(R)
for some non-negative function M(R). If t > 0, then the integral

Jer f(2) €7 dz

over the semicircular path C; centered at the origin with radius R in the



upper half-plane tends to zero as R » », provided that M(R) does not grow
faster than a polynomial in R. In other words, the exponential term e'**
decays sufficiently fast on the semicircle to force the integral to vanish.

Intuitive Explanation

The key insight of Jordans lemma lies in the behavior of the exponential
factor e on the semicircle in the complex plane. When the path is chosen in
the upper half-plane and t is positive, the imaginary part of z is positive,
causing the exponential term to decay exponentially. This decay dominates any
polynomial growth of f(z), causing the integral over the large arc to
approach zero as the radius increases. This allows the contour integral to be
effectively reduced to the integral over the real axis plus residues at poles
inside the contour.

Proof of Jordans Lemma

The proof of Jordans lemma involves estimating the magnitude of the contour
integral over the semicircular arc by using the parametrization of the arc
and bounding the integrand. The exponential decay in the integrand is
exploited to show that the integral tends to zero as the radius grows without
bound.

Setup and Parametrization

Consider the semicircle C, parameterized by z = Re™ for 8 € [0, n]. The
integral over this path is

[o" f(Re®) e'*¢"t i R e do

where i R e d6 is the differential dz along the contour.

Bounding the Integral

Using the triangle inequality, the magnitude of the integral satisfies
|Jcn f(z) €% dz| < [ |f(Re*)| |&' "< ‘| R dB
Since |[f(z)| = M(R), this further bounds the integral by
M(R) R [&" | *| db

Exponential Decay Analysis

Note that

iRe“’tl - Rt sin 6
= €
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because the real part of i R e t equals -R t sin 6. Since sin 8 = 0 for 6 €
[0, m], the exponential term decays exponentially except near 6 = 0 and 6 =
m.

Estimating the Integral as R - =

By splitting the integral into regions near 6 = 0 and 6 = 1 where sin 6 is
small, and the remainder where sin 6 is bounded away from zero, it can be
shown that the integral tends to zero as R grows, provided M(R) grows slower
than an exponential function of R. This completes the proof that the contour
integral vanishes in the limit.

Applications of Jordans Lemma in Complex
Analysis

Jordans lemma is widely used in evaluating improper integrals, especially
those arising in Fourier analysis, Laplace transforms, and in solving
differential equations. Its ability to justify neglecting integrals over
large arcs in the complex plane simplifies the use of contour integration
methods significantly.

Residue Theorem and Contour Integration

The lemma enables the application of the residue theorem by allowing contours
to be closed in the upper or lower half-plane without contributing integral
from the large semicircle. This is particularly useful when dealing with
integrals involving oscillatory functions multiplied by rational functions.

Fourier Transform Inversion

In Fourier analysis, Jordans lemma helps prove inversion formulas by ensuring
that integrals over infinite semicircles vanish, which allows the integral
representation of the inverse transform to be expressed as an integral over
the real axis. This is essential in signal processing and systems theory.

Laplace Transform and Bromwich Integral

When inverting Laplace transforms using contour integrals (the Bromwich
integral), Jordans lemma assists in justifying the closure of the contour in
the right half-plane and the omission of the semicircular arc integral,
facilitating the evaluation of inverse transforms.



Examples Illustrating Jordans Lemma

Several classical integral evaluations serve as examples of Jordans lemma in
action. These examples highlight the utility of the lemma in simplifying and
solving integrals that would otherwise be challenging.

Example: Integral of sin(x)/x

Consider the integral
[0 (sin x)/x dx

This integral can be evaluated using contour integration and Jordan’s lemma
by considering the function f(z) = e'“/z and integrating over a semicircular
contour in the upper half-plane. The lemma ensures the integral over the arc
vanishes, enabling the calculation of the principal value of the integral.

Example: Exponential Integral

Integrals of the form
[ e™ / (x - a) dx

for real a and t > 0 can be evaluated by closing the contour in the upper
half-plane and applying Jordans lemma to dismiss the contribution from the
semicircle. This yields results involving the residue at x = a.

Summary of Steps in Example Applications

e Identify the function and the exponential factor with positive t.
e Choose an appropriate semicircular contour in the complex plane.

e Apply Jordans lemma to show the integral over the arc vanishes as radius

- 00,

e Use the residue theorem to evaluate the integral over the closed
contour.

e Interpret the result in terms of the original integral.

Related Concepts and Extensions

Jordans lemma is related to several other important concepts in complex and
harmonic analysis, and there are generalizations that extend its



applicability.

Connection to the Riemann-Lebesgue Lemma

While Jordans lemma is concerned with contour integrals in the complex plane,
the Riemann—Lebesgue lemma addresses the decay of Fourier transforms of
integrable functions. Both lemmas highlight the vanishing nature of integrals
involving oscillatory functions under certain conditions.

Extensions to Other Contours and Functions

Generalizations of Jordans lemma consider integrals over different contours
such as semicircles in the lower half-plane or sectors in the complex plane,
and functions with more general growth conditions. These extensions broaden
the lemma’s usefulness in more complex integral evaluations.

Jordan's Lemma in Signal Processing

In signal processing and control theory, the lemma aids in the analysis of
system responses by justifying integral manipulations in the frequency
domain, particularly when dealing with Laplace and Fourier transforms of
time-domain signals.

Frequently Asked Questions

What is Jordan's lemma in complex analysis?

Jordan's lemma is a result used in complex analysis to evaluate certain
contour integrals. It provides an estimate that helps show that the integral
over a semicircular arc in the complex plane tends to zero as the radius goes
to infinity, under appropriate conditions on the integrand.

How is Jordan's lemma applied in evaluating real
integrals?

Jordan's lemma is often applied when using the residue theorem to evaluate
real integrals involving trigonometric functions. By extending the integral
to a contour in the complex plane and showing the integral over the
semicircular arc vanishes, the lemma allows the calculation of the original
integral via residues.



What conditions must be met for Jordan's lemma to
hold?

For Jordan's lemma to apply, the integrand typically must be of the form
f(z)e~{iaz} where a is a positive real number, and f(z) should be bounded or
sufficiently well-behaved on the semicircular contour to ensure the integral
over the arc tends to zero as the radius goes to infinity.

Can Jordan's lemma be used for integrals involving
sine and cosine functions?

Yes, Jordan's lemma is frequently used to evaluate integrals involving sine
and cosine by expressing these functions in terms of complex exponentials and
applying contour integration techniques.

What is the difference between Jordan's lemma and
the Jordan curve theorem?

Jordan's lemma is a tool in complex analysis used to evaluate contour
integrals, particularly involving exponential functions, while the Jordan
curve theorem is a topological result stating that a simple closed curve in
the plane separates the plane into an interior and exterior region. They are
unrelated concepts despite the similarity in name.

Why is Jordan's lemma important in the use of the
residue theorem?

Jordan's lemma is important because it justifies ignoring the integral over
the large semicircular arc in contour integration when applying the residue
theorem, ensuring that only the integral along the real axis and the residues
inside the contour contribute to the value of the integral.

Additional Resources

1. Complex Analysis and Jordan's Lemma

This book offers a comprehensive introduction to complex analysis with a
special focus on contour integration techniques. It thoroughly explains
Jordan's lemma and its applications in evaluating integrals along
semicircular contours. Readers will find detailed examples and exercises that
illustrate how Jordan's lemma simplifies integral computations in complex
variable theory.

2. Techniques in Contour Integration: Jordan's Lemma and Beyond

Designed for advanced undergraduate and graduate students, this text delves
into various contour integration strategies, emphasizing Jordan's lemma. The
book explores the lemma's role in ensuring the vanishing of certain integral
components and provides step-by-step guides to applying it in diverse



scenarios, including Fourier transforms and signal processing.

3. Applied Complex Variables with Jordan's Lemma

Focusing on real-world applications, this book connects the theoretical
aspects of Jordan's lemma to practical problems in engineering and physics.
It covers the lemma's use in evaluating improper integrals, solving
differential equations, and analyzing wave phenomena, making it a valuable
resource for practitioners seeking to apply complex analysis techniques.

4. Integral Methods in Mathematical Physics: Role of Jordan's Lemma

This volume highlights the significance of Jordan's lemma in mathematical
physics, particularly in solving boundary value problems and integral
equations. It offers a rigorous treatment of integral methods, supported by
physical interpretations and examples from quantum mechanics and
electromagnetism.

5. Mastering Complex Integration: Jordan's Lemma Explained

Aimed at students preparing for exams or research, this book breaks down
Jordan's lemma into intuitive concepts and practical tips. It includes
numerous solved problems and discusses common pitfalls, helping readers build
confidence in applying the lemma to intricate contour integrals.

6. Fourier Analysis with Complex Integration Techniques

While centered on Fourier analysis, this book dedicates a significant portion
to the use of Jordan's lemma in evaluating inverse transforms and improper
integrals. It bridges the gap between abstract theory and computational
methods, making it essential for those studying harmonic analysis and signal
processing.

7. Complex Function Theory: Jordan's Lemma in Context

This textbook provides a thorough exploration of complex function theory,
placing Jordan's lemma within the broader framework of analytic functions and
residue calculus. It emphasizes the lemma's theoretical foundations and
demonstrates its utility through classical and contemporary examples.

8. Advanced Calculus of Complex Variables: Jordan's Lemma Applications
Targeting advanced students, this book covers a wide range of topics in
complex variables, with a dedicated section on Jordan's lemma. It discusses
its derivation, conditions for applicability, and how it facilitates the
evaluation of integrals encountered in engineering and physics.

9. Contour Integration Techniques for Engineers: Using Jordan's Lemma
Tailored for engineering professionals, this practical guide illustrates how
Jordan's lemma can be employed to solve integrals arising in control theory,
communications, and electrical engineering. It combines theoretical
explanations with real-world problem-solving strategies to enhance
understanding and application.
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