
shell method formula y-axis

shell method formula y-axis is a fundamental technique in integral calculus
used to find the volume of solids of revolution. This method is especially
useful when the solid is generated by revolving a region around the y-axis.
Understanding the shell method formula y-axis involves comprehending how
cylindrical shells are formed, calculating their dimensions, and integrating
these to determine the total volume. This article provides a detailed
explanation of the shell method formula when revolving around the y-axis,
including step-by-step instructions, practical examples, and comparisons with
other volume calculation methods. The goal is to equip readers with a clear
understanding of applying the shell method formula y-axis in various calculus
problems. The following sections will cover the definition and derivation of
the formula, its application process, examples, and tips for effective use.
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Understanding the Shell Method
The shell method is an integral calculus technique used to calculate the
volume of a solid formed by revolving a region around an axis. In the case of
revolving around the y-axis, the method involves slicing the region into
vertical strips parallel to the y-axis, each strip generating a cylindrical
shell when revolved. The total volume is found by summing the volumes of all
these thin cylindrical shells through integration. This method complements
the disk and washer methods, which are more suited for solids revolved around
the x-axis or when cross-sections perpendicular to the axis are easier to
work with.

Concept of Cylindrical Shells
A cylindrical shell is formed when a vertical strip of the region, at a
specific x-value, is revolved around the y-axis. The shell has a certain
radius, height, and thickness. The radius corresponds to the distance from
the y-axis to the strip, the height corresponds to the function value at that
x, and the thickness is an infinitesimally small width, dx. By summing the



volumes of these shells, the total volume of the solid is obtained.

When to Use the Shell Method
The shell method is particularly advantageous when the function is given in
terms of x and the region is revolved around the y-axis. It simplifies the
integral setup and avoids the need to solve for x in terms of y, which can
sometimes be complicated or impossible. It is also beneficial when the region
is bounded by vertical lines, making the shell radius and height easy to
identify.

Derivation of the Shell Method Formula for the
Y-Axis
The shell method formula for revolving around the y-axis can be derived by
considering a thin vertical strip at position x with thickness dx. When this
strip is revolved around the y-axis, it forms a cylindrical shell with
specific properties.

Defining the Shell Dimensions
For a region bounded by functions and vertical lines, the cylindrical shell
at x has:

Radius: The distance from the y-axis to the shell, which is |x|.

Height: The value of the function at x, denoted as f(x).

Thickness: The infinitesimal width dx.

Volume of a Single Shell
The volume of the thin cylindrical shell is the lateral surface area
multiplied by the thickness. The lateral surface area of a cylinder is
2π(radius)(height), so the volume dV of the shell is:

dV = 2π (radius) (height) (thickness) = 2π x f(x) dx

Integral Formula for Volume
By summing the volumes of all shells from x = a to x = b, where [a, b] is the
interval defining the region, the total volume V is given by:



V = ∫a
b 2π x f(x) dx

This is the shell method formula y-axis used to calculate the volume of
solids of revolution around the y-axis.

Step-by-Step Application of the Shell Method
Formula Y-Axis
Applying the shell method formula y-axis requires a systematic approach to
ensure accuracy and efficiency in calculating volumes. The following steps
outline the process.

Step 1: Identify the Region and the Axis of
Revolution
Determine the function or functions defining the region and the interval over
which the region exists. Confirm that the axis of rotation is the y-axis.

Step 2: Set Up the Integral Using the Shell Method
Formula
Express the radius as the distance from the y-axis, which is x, and the
height as the function value f(x). The integral is then set up as:

V = ∫a
b 2π x f(x) dx

Step 3: Evaluate the Integral
Use standard techniques of integration to evaluate the definite integral over
the interval [a, b]. This yields the volume of the solid.

Step 4: Interpret the Result
The result of the integral represents the exact volume of the solid formed by
revolving the region around the y-axis.

Examples of Using the Shell Method Formula Y-
Axis
Practical examples help illustrate the application of the shell method
formula y-axis and reinforce understanding.



Example 1: Volume of a Solid Revolved Around the Y-
Axis
Consider the region bounded by y = x², y = 0, and x = 1. Find the volume of
the solid formed by revolving this region around the y-axis.

Using the shell method formula y-axis:

Radius = x1.

Height = f(x) = x²2.

Interval: 0 ≤ x ≤ 13.

Set up the integral:

V = ∫0
1 2π x (x²) dx = 2π ∫0

1 x³ dx

Evaluate the integral:

2π [x⁴/4]0
1 = 2π (1/4) = π/2

The volume of the solid is π/2 cubic units.

Example 2: Region Between Two Curves
Find the volume of the solid formed by revolving the region bounded by y = √x
and y = 0 around the y-axis from x = 0 to x = 4.

Setup:

Radius = x

Height = √x

Interval: 0 ≤ x ≤ 4

Integral:

V = ∫0
4 2π x (√x) dx = 2π ∫0

4 x x1/2 dx = 2π ∫0
4 x3/2 dx

Evaluate:

2π [ (2/5) x5/2 ]0
4 = 2π (2/5) (45/2)

Calculate 45/2 = (41/2)5 = 25 = 32, so:

V = 2π (2/5) (32) = (128π)/5

The volume is (128π)/5 cubic units.



Advantages and Limitations of the Shell Method
Around the Y-Axis
The shell method formula y-axis offers several benefits and some limitations
when applied to volume calculations.

Advantages

Simplifies integration: When revolving around the y-axis, the shell
method often results in simpler integrals than the disk or washer
methods.

Avoids solving for x in terms of y: It is convenient when the function
is expressed as y = f(x), avoiding complicated inverse functions.

Effective for complex regions: Especially useful when the region is
bounded by vertical lines, making radius and height straightforward to
identify.

Limitations

Requires vertical slicing: The method is less effective if the region is
better described by horizontal slices or if the shell radius is
difficult to express as a function of x.

Integration complexity: Some integrals may still be challenging,
requiring advanced techniques or numerical methods.

Not always the simplest method: Depending on the problem, the disk or
washer method may yield simpler calculations.

Frequently Asked Questions

What is the shell method formula for revolving a
region around the y-axis?
The shell method formula for revolving a region around the y-axis is: V = 2π
∫[a to b] (radius)(height) dx, where the radius is the horizontal distance
from the y-axis (x) and the height is the function value (f(x)).



How do you define the radius and height in the shell
method when revolving around the y-axis?
When revolving around the y-axis, the radius is the distance from the y-axis
to the shell, which is simply x, and the height is the value of the function
at x, typically f(x).

Why use the shell method instead of the disk/washer
method when revolving around the y-axis?
The shell method is often easier when the function is given in terms of x and
the axis of revolution is vertical (y-axis), avoiding the need to solve for x
in terms of y, which is required for the disk/washer method.

Can the shell method be used if the function is
given as x in terms of y for revolution around the
y-axis?
Yes, but it is typically more straightforward to use the disk/washer method
in that case. If using the shell method, you would need to express radius and
height accordingly, often requiring integration with respect to y.

What are the integration limits in the shell method
formula for the y-axis?
The integration limits [a, b] correspond to the interval along the x-axis
over which the region extends since integration is done with respect to x
when revolving around the y-axis.

How do you set up the volume integral using the
shell method for the function y = f(x) revolved
around the y-axis?
The volume integral is set up as V = 2π ∫[a to b] x * f(x) dx, where x is the
radius and f(x) is the height of the cylindrical shell.

What is the geometric interpretation of the shell
method formula when revolving around the y-axis?
Geometrically, the shell method sums the volumes of cylindrical shells with
radius x, height f(x), and thickness dx, formed by revolving vertical slices
of the region around the y-axis.



Additional Resources
1. Calculus: Early Transcendentals
This textbook by James Stewart offers a comprehensive introduction to
calculus concepts, including the shell method for finding volumes of solids
of revolution about the y-axis. It explains the derivation and application of
the shell method formula with clear examples and practice problems. The book
is widely used in college-level calculus courses and provides a solid
foundation in integration techniques.

2. Single Variable Calculus: Concepts and Contexts
Authored by James Stewart, this book emphasizes conceptual understanding
alongside computational skills. It covers the shell method in detail, showing
how to set up integrals to find volumes around the y-axis. The text includes
numerous illustrations and exercises to reinforce the method's application in
various scenarios.

3. Calculus: A Complete Course
By Robert A. Adams and Christopher Essex, this book presents a thorough
treatment of calculus topics, including volume calculations using the shell
method. It provides step-by-step guidance on using the shell method formula
when revolving regions around the y-axis, supported by worked examples and
problem sets. The book is suitable for both students and instructors seeking
in-depth explanations.

4. Integral Calculus and Its Applications
This book explores integral calculus with an emphasis on real-world
applications, including volume computations via the shell method. It
demonstrates how to apply the shell method formula specifically for solids
revolved about the y-axis, highlighting practical problem-solving approaches.
The text balances theory with application to help readers grasp the concepts
effectively.

5. Calculus Made Easy
Written by Silvanus P. Thompson, this classic text simplifies complex
calculus ideas for beginners. It includes an accessible introduction to the
shell method for finding volumes of revolution, explaining how to use the
formula when the axis of rotation is the y-axis. The book’s straightforward
style makes it a helpful resource for students new to calculus.

6. Advanced Calculus: A Geometric View
This book by James J. Callahan explores calculus with a strong emphasis on
geometric intuition. It covers the shell method formula for volumes about the
y-axis, providing geometric interpretations alongside analytical techniques.
Readers gain a deeper understanding of the shell method through visual
explanations and rigorous proofs.

7. Calculus and Its Applications
By Marvin L. Bittinger, this text focuses on practical applications of
calculus concepts, including volume calculations using the shell method. It
details how to set up and evaluate integrals for solids generated by



revolving regions around the y-axis. The book includes numerous applied
problems to demonstrate the usefulness of the shell method in various fields.

8. Applied Calculus
Written by Deborah Hughes-Hallett and others, this book integrates calculus
theory with real-world examples. It thoroughly discusses the shell method
formula for volume, especially when revolving around the y-axis, and offers a
variety of application-driven exercises. The text is designed to help
students connect calculus concepts to practical situations.

9. Essential Calculus: Early Transcendentals
This concise text by James Stewart covers fundamental calculus topics,
including the shell method for volumes of revolution. It explains how to
derive and use the shell method formula for rotations about the y-axis,
supplemented by clear diagrams and problem sets. The book is ideal for
students looking for a focused and accessible approach to integral calculus
techniques.
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